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We investigate the collective optomechanics of an ensemble of scatterers inside a Fabry–Pe´rot
resonator and identify an optimized configuration where the ensemble is transmissive, in contrast
with the usual reflective optomechanics approach. In this configuration, the optomechanical coupling
of a specific collective mechanical mode can be several orders of magnitude larger than the single-
element case, and long-range interactions can be generated between the different elements since
light permeates throughout the array. This new regime should realistically allow for achieving strong
single-photon optomechanical coupling with massive resonators, realizing hybrid quantum interfaces,
and exploiting collective long-range interactions in arrays of atoms or mechanical oscillators.
The field of optomechanics has made tremendous
progress over the past decades [1], cooling of massive
mechanical oscillators to the motional quantum ground
state being but one of a series of achievements that
demonstrate the power of coupling light to moving scat-
terers [2, 3]. The control of mechanical motion in the
quantum regime has many important applications, rang-
ing from precision measurements [4], quantum informa-
tion processing [5], and fundamental tests of quantum
mechanics [6], to the photonics sciences [7]. Despite re-
cent progress the coupling between a single photon and
a single phonon remains typically very weak, therefore
necessitating the use of many photons to amplify the in-
teraction [1, 8]. In this regime, which is useful for cool-
ing and light–motion entanglement generation, a stronger
coupling per photon is desirable to limit the negative ef-
fects of using large powers, e.g., bulk temperature in-
creases or phase-noise heating [9]. Ultimately, reaching
the strong (single-photon) coupling regime, in which a
single quantum of light can appreciably affect the motion
of the mechanical oscillator, is essential to exploiting fully
the quantum nature of the optomechanical interaction, as
exhibited by such effects as the optomechanical photon
blockade [10] and non-Gaussian mechanical states [11].
Among the various approaches currently followed to
couple mechanical oscillators with optical resonators,
a successful one involves positioning reflecting objects
– dielectric membranes [12, 13], atoms [14], or micro-
spheres [15] – inside an optical cavity. With dielectric
membranes the optomechanical interaction strength sat-
urates to a fundamental limit g as the reflectivity of the
membrane approaches unity [12]. For a highly reflective
membrane placed to the center of a Fabry–Pe´rot (FP)
resonator of length L and resonance frequency ω, the
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single-photon coupling strength is given by the shift in
cavity frequency when the mirror moves through a dis-
tance equal to the spread x0 of its zero-point fluctuations,
g = 2ωx0/L, and is typically rather weak for a macro-
scopic cavity [12]. Several approaches can be followed to
improve quantum motional control in single membrane
systems, by e.g., tailoring of the optical and mechanical
properties of the individual membranes [16], using pho-
tothermal cooling forces [16], active thermal noise com-
pensation [17], optical trapping [18] techniques, or cou-
pling to cold atoms [19].
Another promising approach consists in exploiting col-
lective optomechanical interactions using microscopic en-
sembles of cold atoms [14] or arrays of macroscopic me-
chanical oscillators [20–23]. In the former the optome-
chanical coupling strength usually scales as N1/2 with
the number, N , of atoms, and the weakly-coupled atomic
systems are said to demonstrate infinitely long-ranged in-
teractions [14]. In the latter, one can confine the light
in periodic structures at the wavelength scale. In this
vein, e.g., optomechanical crystals [24] have proven to
be very successful at obtaining large coupling strengths
by decreasing the length of the effective cavity [2, 25].
However, interactions between distant elements in arrays
of massive scatterers are believed to be strongly sup-
pressed [23].
We provide here a unifying formalism that shows these
two systems as limiting cases of a more generic model
for an array of scatterers in a FP cavity. This allows
us to identify an optimized configuration for the scatter-
ers that is transmissive instead of the typical reflective
approach. We base our treatment on the observation
that around a transmission point of the mechanical sys-
tem, the cavity response to a certain collective mechan-
ical oscillation can be greatly enhanced. This is to be
seen as an alternative to the traditional approach that
requires smaller cavities (on the order of a few wave-
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2FIG. 1. Schematic of model, motional modes, and working
points. (a) System considered: N equidistant elements posi-
tioned in the field of a Fabry–Pe´rot resonator (we shall con-
sider only the case for which L Nd). (b) Two examples of
collective motional modes: the center-of-mass mode, and an
example of a ‘breathing’ modes. (c) Free-space reflectivity of
a 5-element array as a function of the element spacing d; the
curve is periodic with period λ/2. The intensity reflectivity
of each element is 20% (dotted green line).
lengths [24]) to increase the field density of modes and
thus the coupling between light and mechanics. Our anal-
ysis reveals a regime where, regardless of whether the
scatterers are atoms or mobile dielectrics, the coupling
strength (i) scales superlinearly (∝ N3/2) with the num-
ber of scatterers and (ii) does not saturate as the reflectiv-
ity of the elements approaches unity. This allows in prin-
ciple multi-element opto- or electro-mechanical systems
to reach single-photon optomechanical coupling strengths
orders of magnitude larger than those currently possible,
and does not require wavelength-scale confinement of the
light field. Concomitantly, we show that in this config-
uration (iii) the resonator field couples to a specific col-
lective mechanical mode supporting inter-element inter-
actions that are as long-ranged as the array itself. Since
the model is applicable both to mobile dielectrics, such as
membranes [12] or microspheres [15], and to cold atoms
in an optical lattice [26, 27], this new regime should real-
istically allow for achieving strong single-photon optome-
chanical coupling and realizing quantum optomechanical
interfaces. It also opens up avenues for the exploitation
and engineering of long-ranged cooperative interactions
in optomechanical arrays.
Let us again consider a lossless membrane, of thickness
smaller than a wavelength, placed inside a FP resonator.
This time, we suppose that the membrane has an ampli-
tude reflectivity r, which we parametrize in terms of the
polarizability ζ ≡ −|r|/√1− |r|2. The single-photon op-
tomechanical coupling strength is now g0 = g|r|, which is
maximized to g for large |ζ|, i.e., in the reflective regime
|r| → 1. In order to illustrate the emergence of collec-
tive optomechanics, we consider now two identical mem-
branes placed symmetrically in the resonator at a dis-
tance d from each other, in the spirit of Fig. 1(a) and
Ref. [21]. As we justify below, the effective polarizabil-
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FIG. 2. Transmission through a cavity with 5 immobile ele-
ments. The dashed lines denote the unperturbed resonances,
which are shifted when the displacement of the sinusoidal
mode, a type of breathing mode [Fig. 1(b)] that is defined
in the text, is nonzero. (ζ = −0.5, L ≈ 6.3 × 104λ, d = d−,
bare cavity finesse ≈ 3× 104.)
ity of the two-element system is found to be of the form
χ = 2ζ[cos(kd) − ζ sin(kd)] for light having wavenum-
ber k (wavelength λ). This effective polarizability, and
thereby the reflectivity, vanishes when d is chosen such
that kd = tan−1(1/ζ) mod pi. Assuming this transmis-
sive condition, one can linearize the cavity resonance con-
dition for a small variation δd of the mirror spacing. This
readily gives an optomechanical coupling strength
g′0 =
∣∣∣∣δωδd
∣∣∣∣x′0 ≈ √2 g |r|1− |r| , (1)
provided d|ζ|2  L, where x′0 = x0/
√
2 is the extent
of the zero-point motion for this breathing mode. It is
evident that g′0 scales more favorably with |r| than g0.
One can interpret this result by noting that as the re-
flectivity of the individual elements is increased, the con-
structive interference that is responsible for making the
array transmissive also strongly enhances the dispersive
response of the cavity around this working point. In a
symmetric situation the displacement of a mirror in one
direction will cause the field to adjust so that the other
mirror moves in the opposite direction, thereby balancing
the power impinging on the two mirrors. In this simple
two-element case, the radiation-pressure force thus cou-
ples naturally to a breathing mode [Fig. 1(b)].
I. OPTICAL ‘SUPERSCATTERERS’
To treat the general case of an array of N equally-
spaced elements in free space we make use of the trans-
fer matrix formalism [28] for one-dimensional systems of
polarizable scatterers, and derive the response of the sys-
tem to a propagating light field. As is well-known from
the theory of dielectric mirrors, the reflectivity of the
ensemble can be tuned to have markedly different be-
haviors at a given frequency [Fig. 1(c)]. An array of
N equally-spaced identical elements, each of polarizabil-
ity ζ, can be described through a matrix that relates
left- and right-propagating fields on either side of the
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FIG. 3. Coupling strengths for multi-element arrays. These
curves are scaled to g ≈ 2pi×15 Hz (dotted green line), which
is the upper bound for the reflective case. Top: Scaling with
N of the normalized coupling strength for the sinusoidal (∝
N3/2) and center-of-mass (∝ N−1/2) modes, as illustrated by
the dotted curves. (ζ = −0.5, L ≈ 6.3×104λ, d = d−+ 20λ.)
Bottom: Optimized sinusoidal coupling goptsin compared to the
coupling for N = 2, demonstrating the collectively-enhanced
coupling strength, and to g0. (d = d−.)
array (see Appendix). For real ζ, N lossless scatter-
ers behave as a collective ‘superscatterer’ having effec-
tive polarizability χ = ζ sin[N cos−1(a)]
/√
1− a2, with
a = cos(kd) − ζ sin(kd), together with a phase shift µ,
which is the phase accrued on reflection from the stack.
The ensemble attains its largest reflectivity for kd =
kd0 ≡ − tan−1(ζ), χ = χ0 ≡ −i sin
[
N cos−1
(√
1 + ζ2
)]
,
and becomes fully transmissive (χ = 0) for kd = kd± ≡
− tan−1(ζ)±cos−1[(1+ζ2)−1/2 cos(pi/N)]. For absorbing
scatterers, setting d = d− (modulo λ/2) helps minimize
the effects of absorption (see Appendix). These work-
ing points are illustrated in Fig. 1(c). From this point
onwards, the array can be treated as a single scatterer,
keeping in mind the dependence of χ on the inter-element
spacing.
II. ENSEMBLE COUPLING STRENGTH
When placed inside a cavity, at first neglecting any
motion, this array of scatterers modifies the resonance
condition, such that the resonances of the system are
given by the solutions to (see Appendix)
eikL =
e−iµ
1 + iχ
[
iχ cos(2kx)±
√
1 + χ2 sin2(2kx)
]
, (2)
where x is the displacement of the ensemble with re-
spect to the cavity center, and µ ≡ µ(x1, x2, . . . ) and
χ ≡ χ(x1, x2, . . . ) depend on the positions xj of the indi-
vidual elements. For a particular configuration, Eq. (2)
is solved numerically to find the resonance frequency
ω = kc. A small shift δxj in the position of the j
th ele-
ment in the array shifts this resonance: ω → ω − gjδxj .
The vector (gj) defines the profile of the collective mo-
tional mode that is coupled to the cavity field. In the case
of a transmissive ensemble the intensity profile peaks at
the center of the array [Fig. 1(a)]. The optomechanical
coupling strength gj for the j
th membrane is strongest
where the difference in amplitudes across the membrane
is greatest, j ≈ (N + 2)/4 or (3N + 2)/4, resulting in
gj ∝ sin[pi(2j−1)/N ] and a mechanical mode whose pro-
file varies sinusoidally along the array. In Fig. 2 we plot
the transmission of the cavity (Tcav (see Appendix)) as
a function of frequency and the displacement of this si-
nusoidal mode. The dashed lines represent solutions to
Eq. (2), i.e., in the absence of membrane motion, and are
one free-spectral range apart. The gradient of the bright
curves at any point is a direct measure of the optome-
chanical coupling strength for the sinusoidal mode at that
point. The center of the plot corresponds to our work-
ing point; the adjacent optical resonances are to a good
approximation one bare-cavity free-spectral range apart.
In the situations we consider here, we have checked that
the linear coupling largely dominates over the quadratic
coupling (see Appendix).
Generically, one obtains the linear optomechanical cou-
pling strength by linearizing Eq. (2) about one of its so-
lutions. For a center-of-mass motion [cf. Fig. 1(b)] in the
reflective regime, d = d0, we thus obtain gcom = g
√R/N ,
where R = χ20
/(
1 + χ20
)
is the maximal intensity re-
flectivity of the ensemble. As N or ζ increase, R sat-
urates to 1 and gcom scales as N
−1/2. This scaling can
be explained simply by noting that the motional mass
mN of N elements is N times that of a single one; the
single-photon coupling strength, which is proportional to
1/
√
mN , therefore decreases with N .
In the transmissive regime, d = d− (modulo λ/2), then,
the cavity field couples to the sinusoidal mode with a
collective coupling strength (for large N (see Appendix))
gsin =
√
2
pi g ζ
2N3/2
1 + 2pi2
d
Lζ
2N3
≈
√
2
pi
g ζ2N3/2 , (3)
the last expression being valid for L/d  2ζ2N3/pi2.
Optimizing over N for arbitrary L/d, we obtain goptsin =
1
2g
√
L/d|ζ| [29]. This favorable scaling with both N and
|r|, as shown in Fig. 3, is a significant improvement over
the state of the art. Close inspection reveals that goptsin
is proportional to 1
/√
Ld and therefore can be improved
either by making the main cavity smaller (i.e., decreasing
L) or, independently, by positioning the elements closer
together (decreasing d). The effect we describe is there-
fore qualitatively different from constructing a smaller
cavity having dimensions on the order of λ [25], and also
provides a practical route towards integrating strongly-
coupled optomechanical systems with, e.g., ensembles of
atoms in the same cavity [19].
An interesting effect arises in the regime where gsin sat-
urates and eventually starts decreasing as a function of
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FIG. 4. Effective cavity linewidth κeff (diamonds) and op-
tomechanical coupling strength gsin (cf. Fig. 3; circles) as a
function of the number of membranes. Inset: Cooperativity
g2sin/(κeffΓdec) normalized to the single-element cooperativity
g2/(κcΓdec); the non-normalized cooperativity can reach val-
ues > 10 (see text). Closed symbols represent absorption-free
membranes, open symbols an absorption of 10−5 per mem-
brane. (99.4% reflectivity, d = d−+10λ, L ≈ 6.3×104λ, bare
cavity finesse ≈ 3× 104.)
N ; the scatterers then act to narrow the cavity resonance
substantially. This arises from an effective lengthening of
the cavity, due to the presence of the array, to a length
Leff ≡ L + 2pi2 dζ2N3. Since the cavity finesse in the
transmissive regime is fixed by the end mirrors, it follows
that the linewidth of the cavity is κeff ∝ 1/Leff (bare
cavity linewidth κc ∝ 1/L), which has possible appli-
cations in hybrid systems along the same lines as those
of electromagnetically-induced transparency in Ref. [19].
When using low-finesse cavities and low mechanical os-
cillation frequencies, this effect could be used to place
the system well within the sideband-resolved regime. As
shown in Fig. 4, gsin and κeff compete to give rise to a con-
stant cooperativity g2sin/(κeffΓdec) for large N (1/Γdec is
the mechanical decoherence timescale, assumed indepen-
dent of N (see Appendix)). In the presence of absorption,
which ultimately limits the linewidth narrowing, there
exists an optimum number of elements which maximizes
the cooperativity to a value that can still be several or-
ders of magnitude larger than the single-element cooper-
ativity.
Long-range collective interactions.—The collective na-
ture of the interaction that is responsible for these large
coupling strengths also gives rise to an effective ‘non-
local’ interaction between the scatterers, where the mo-
tion of any particular element influences greatly elements
further away, and not just its nearest neighbors. In
the simplest picture of a weak linearized optomechan-
ical interaction [1] in which the field is adiabatically
eliminated, the interaction Hamiltonian is proportional
to
∑
l,j glgj xˆlxˆj , and mediates a macroscopically long-
ranged effective interaction between pairs of elements
(position operators xˆl and xˆj). By contrast, in the re-
flective regime the light does not permeate through the
ensemble, and the inter-element mechanical interactions
would therefore be correspondingly short-ranged (see,
for example, Ref. [23]). Transmissive arrays with well-
designed spacings and polarizabilities could be used to
engineer specific optomechanical interactions and gain in-
sight into collective optomechanics phenomena [22, 23].
Numerical example, tolerance to imperfections.—The
power of this approach to optomechanics is best seen
through a numerical illustration. If we take commer-
cial silicon nitride membranes [12] with an intensity re-
flectivity of 20% (ζ = −0.5) and x0 = 1.8 fm, and a
cavity with L = 6.7 cm and a wavelength of 1064 nm,
we can estimate gcom ≈ 2pi × (12.8 × N−1/2 Hz) for
N & 3. For the sinusoidal mode, and with the same
parameters, gsin ≈ 2pi × (1.3 × N3/2 Hz) for large N ;
an improvement by over an order of magnitude when
N = 10 (cf. Fig. 3). A transparent ensemble potentially
provides a much stronger optomechanical coupling than
a reflective one; indeed gsin/gcom ∝ N2. Let us now
consider highly-reflective membranes [16] having 99.4%
intensity reflectivity (ζ = −12.9), x0 = 2.7 fm, and
ωm = 2pi×211 kHz. For a 0.25 cm-long cavity with finesse
F = 1.2 × 105, d = d−, and N = 5 membranes, one ob-
tains gcom ≈ 2pi× 600 Hz and gsin ≈ 2pi× 270 kHz, which
is larger than both ωm and κc = 2pi×250 kHz. At a tem-
perature of 1 K and with a mechanical quality factor of
106 the single photon cooperativity is ca. 14 for this sys-
tem; strong coupling between a single photon and a single
phonon is already within reach with only a few elements.
A thorough numerical investigation (see Appendix) re-
veals that our results are robust with respect to vari-
ous experimentally-relevant deviations from the idealized
system considered here, such as the errors in the posi-
tioning of the individual membranes, and non-uniform
membrane reflectivity or absorption. For example, for
N = 5 and ζ = −0.5, the numerically-calculated coupling
strength typically lies within 12% of the above value for
position fluctuations of ±10 nm, inhomogeneities in ζ of
±10%, and absorption per element of & 10−3.
Moving away from highly-reflective scatterers, we can ap-
ply our results to systems of very low reflectivity, such as
atoms, molecules, dielectric microspheres, etc. It should
be first noted that all these systems have a reflectivity
on the order of 10−6, which means that N |ζ|  1 in
typical experiments (for example with cold atoms in cav-
ities [14]), i.e., the particles do not significantly modify
the mode structure of the cavity resonance. In this case
gsin reduces to the expected N
1/2 scaling that arises from
the independent coupling of well-localized scatterers in-
teracting with an unmodified cavity field [14]. We note,
however, that recent experiments [27] using “pancake”-
shaped clouds of cold atoms in an optical lattice have
shown intensity reflectivities as high as 80% and are ap-
proaching a regime where the effects discussed previously
may be observed.
5III. CONCLUSIONS
We have made use of a fully analytical theory to ex-
plore novel interactions between the collective mechani-
cal dynamics of an array of equidistant scatterers inside a
cavity, and the cavity field itself. Our ideas apply gener-
ically across a wide range of systems; any system that
can be modeled as a one-dimensional chain of scatter-
ers (e.g., membranes, atoms [27], optomechanical crys-
tals [2], or dielectric microspheres [15]) is amenable to a
similar analysis and shows the same rich physics. Simi-
lar methods would allow the extension of these ideas to
more complicated systems where the polarizability is a
function of frequency or of position along the array, or
systems involving the interaction of arrays of refractive
elements with multiple optical modes.
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Appendix A: Transfer matrix for N-membrane stack
Let us consider N equally-spaced identical non-
absorbing membranes, each of which has a thickness
much smaller than an optical wavelength. The spacing d
between these membranes determines the overall optical
properties of the ensemble. We shall treat the system as
a strictly one-dimensional system, and we shall use the
transfer matrix formalism [28, 30]. Our starting point is
the matrix that links the fields interacting with a single
membrane of polarisability ζ (ζ ∈ R for a lossless mem-
brane),
Mm(ζ) ≡
[
1 + iζ iζ
−iζ 1− iζ
]
, (A1)
and the matrix that describes propagation of a
monochromatic beam of wavenumber k over a distance d
through free space,
Mp(d) ≡
[
eikd 0
0 e−ikd
]
, (A2)
both of which have unit determinant. We wish to evalu-
ate a product of the form
Mm(ζ) ·Mp(d) ·Mm(ζ) · · ·Mm(ζ) , (A3)
with N copies of Mm(ζ). First, we note that
Mp(d/2) ·Mm(ζ) ·Mp(d) · · ·Mm(ζ) ·Mp(d/2)
=
[
Mp(d/2) ·Mm(ζ) ·Mp(d/2)
]N ≡MN , (A4)
where the second line defines the matrix M :
M ≡
[
(1 + iζ)eikd iζ
−iζ (1− iζ)e−ikd
]
. (A5)
We can easily see that detM = 1, whereby it can be
shown [31] that for real ζ we can write
MN =
[
(1 + iχ)ei(kd+µ) iχ
−iχ (1− iχ)e−i(kd+µ)
]
, (A6)
where χ ≡ ζUN−1(a), with Un(x) being the nth Cheby-
shev polynomial of the second kind, a = cos(kd) −
ζ sin(kd), and
eiµ =
1− iζUN−1(a)
(1− iζ)UN−1(a)− eikdUN−2(a) . (A7)
Upon removing the padding of d/2 from either side, we
obtain the matrix that describes the N -membrane en-
semble:
MN ≡Mp[µ/(2k)] ·Mm(χ) ·Mp[µ/(2k)] . (A8)
Thus, as stated in the main text, N lossless membranes
behave as a collective ‘supermembrane’ of polarisability
χ along with a phase shift µ/2 on either side of the stack.
Let us note, finally, the link between the transfer ma-
trix of an optical system and its amplitude transmissivity.
Indeed, suppose we can describe a system by means of
the transfer matrix [
m11 m12
m21 m22
]
. (A9)
Then, the complex transmissivity of the system is simply
T = 1
m22
. (A10)
This is used throughout this work to characterize the
optical properties of our system.
Appendix B: Compound system: membrane stack
inside cavity
Following the main text, let us now place our mem-
brane stack inside a Fabry–Pe´rot cavity of length L. The
transfer matrix describing this system is then
Mcav ≡Mm(Z) ·Mp(L/2 + x)
·MN ·Mp(L/2− x) ·Mm(Z) . (B1)
6Here x is the displacement of the left edge of the ensemble
with respect to the center of the cavity and Z is the po-
larizability of the cavity mirrors, assumed equal for both.
The transmission of the system, following Eq. (A10), is
given by
Tcav = 1(
Mcav
)
22
; (B2)
the maxima of Tcav give the resonances of this system. In
order to find these resonances analytically, we consider a
simpler system where the cavity mirrors are perfect; we
need only solve the relation(
1
−1
)
∝
[
eiθ 0
0 e−iθ
]
×
[
1 + iχ iχ
−iχ 1− iχ
]
×
[
eiφ 0
0 e−iφ
]
·
(
1
−1
)
, (B3)
with θ ≡ k(L/2 + x) + µ/2 and φ ≡ k(L/2 − x) + µ/2.
We thus obtain
eikL =
e−iµ
1 + iχ
[
iχ cos(2kx)±
√
1 + χ2 sin2(2kx)
]
(B4)
However, we immediately see that this equation is tran-
scendental in k, and therefore cannot be solved analyti-
cally; this equation is easily solvable for L, and we there-
fore know the resonant length of our cavity. It is now a
legitimate question to ask: ‘If d (or x) shifts by a small
amount, how much will the resonant frequency of this
cavity shift?’ This question is, of course, easily answered
by expanding Eq. (B4) in small increments about its so-
lution. Assuming a dominantly linear effect, we replace
k → k0 + δk, x→ x+ δx, χ→ χ+ δχ, and µ→ µ+ δµ
in Eq. (B4). Around resonance, the result simplifies to
Lδk + δµ =
[
−1± cos(2k0x)
/√
1 + χ2 sin2(2k0x)
]
× δχ/(1 + χ2)
∓
[
2χ sin(2k0x)
/√
1 + χ2 sin2(2k0x)
]
× (xδk + k0δx) . (B5)
Appendix C: Center-of-mass coupling strength
Let us start from Eq. (B5). For the center-of-mass
motion, ∂µ = ∂χ = 0, and we assume that |L/x| is very
large, such that we can write
Lδk = ∓
[
2χ sin(2k0x)
/√
1 + χ2 sin2(2k0x)
]
k0δx .
(C1)
The right-hand-side of this equation is maximized when
sin(2k0x) = ∓1, whereby
Lδk = 2k0
(−χ/√1 + χ2)δx . (C2)
This is, in absolute value, a monotonically-increasing
function of |χ| and is therefore maximized when χ at-
tains its largest value, ζ UN−1
(√
1 + ζ2
)
, which leads to
gcom as defined in the main text.
Appendix D: Coupling to each individual membrane
The matrix MN representing the ensemble can be writ-
ten, for 1 ≤ j ≤ N ,
[
eiµ1/2 0
0 e−iµ1/2
] [
1 + iχ1 iχ1
−iχ1 1− iχ1
]
×
[
ei(µ1/2+ν+kδxj) 0
0 e−i(µ1/2+ν+kδxj)
]
×
[
1 + iζ iζ
−iζ 1− iζ
] [
ei(µ2/2+ν−kδxj) 0
0 e−i(µ2/2+ν−kδxj)
]
×
[
1 + iχ2 iχ2
−iχ2 1− iχ2
] [
eiµ2/2 0
0 e−iµ2/2
]
, (D1)
where µ1 and χ1 describe the ensemble formed by the
n1 = j−1 membranes to the ‘left’ of the jth, and µ2 and
χ2 the one formed by the n2 = N − j membranes to its
‘right’. The displacement of the jth element is denoted
δxj ; all other membranes are in their equilibrium posi-
tion. In the transmissive regime, to lowest order in kδxj
in each entry, the matrix product above can be written,
with the above choice for ν,[
eiµ + α δxj β δxj
β∗ δxj e−iµ + α∗ δxj
]
, (D2)
where α and β are increments of first order in the relevant
displacement [note that the (off-)diagonal terms are com-
plex conjugates of each other; this is different to the case
where absorption is nonzero]. When this matrix is substi-
tuted into the equation for the resonance condition, the
terms involving Re
{
e−iµα
}
and Re{β} drop out entirely
for a symmetric system, such that it suffices to consider
only the imaginary part of the increment. Let us reiter-
ate that this happens only because the off-diagonal terms
are complex conjugates of each other; were absorption to
be nonzero, this would no longer be the case. Eq. (B5)
FIG. 5. Modeling an individual membrane as a plate of thick-
ness l and refractive index n.
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FIG. 6. Profiles of the ‘sinusoidal mode’ (i.e., the coupling strength of each element, in arbitrary units) in a 5-element array, for
a representative sample of 1000 populations, for a total of 4000 populations, demonstrating random positioning errors of varying
degree. The position of each element is varied from the ideal case by a random number drawn from a Gaussian distribution
with standard deviation, from left to right, of 10−3λ, 10−2.5λ, 10−2λ, and 10−1.5λ. The overall coupling strength resulting
from each of these simulations is shown in Fig. 7. (ζ = −0.5, d = d−, other parameters as in the main text.)
now simplifies to
∂k
∂δxj
= − Im
{
β + e−iµα
}
L+ 2d∂χ∂ν
, (D3)
with ν = kd,
α = 2ikζ
[
eiµ1(1 + iχ1)χ2 − eiµ2χ1(1 + iχ2)
]
= 2ikζ2
[
(1 + ζ2)U2n1−1(a)Un2−1(a)
(1− iζ)Un1−1(a)− eiνUn1−2(a)
− (1 + ζ
2)U2n2−1(a)Un1−1(a)
(1− iζ)Un2−1(a)− eiνUn2−2(a)
]
,
(D4)
and
β = 2kζ
[
χ1χ2 − (1 + iχ1)(1− iχ2)ei(µ1−µ2)
]
= 2kζ
{
ζ2Un1−1(a)Un2−1(a)
− [1 + ζ2U2n1−1(a)]
× (1− iζ)Un2−1(a)− e
iνUn2−2(a)
(1− iζ)Un1−1(a)− eiνUn1−2(a)
}
.
(D5)
These two expressions simplify considerably to yield
Im
{
β + e−iµα
}
= 2kζ csc
( pi
N
)
×
[√
sin2
( pi
N
)
+ ζ2 − ζ
]
sin
(
2pi
j − 12
N
)
, (D6)
and therefore
gj = −2ωcx0
ζ csc
(
pi
N
)[√
sin2
(
pi
N
)
+ ζ2 − ζ
]
L− 2Ndζ csc2( piN )√sin2( piN )+ ζ2
× sin
(
2pi
j − 12
N
)
. (D7)
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FIG. 7. Overall coupling strength for the populations shown
in Fig. 6. Compared to the ideal case, the coupling strength
for the four cases has an average (standard deviation) of 0.0%
(1.0%), −0.3% (3.0%), −3.4% (9.4%), and −21.5% (37.2%).
(Parameters as in Fig. 6.)
As discussed in the main text, the coupling of the col-
lective motion of the membranes to the cavity field is
governed by the constant
√∑N
j=1 g
2
j , such that for N > 2
gsin = −
√
N
2
g ζ csc
(
pi
N
)[√
sin2
(
pi
N
)
+ ζ2 − ζ
]
1− 2N dLζ csc2
(
pi
N
)√
sin2
(
pi
N
)
+ ζ2
(D8)
because of the relation√√√√ N∑
j=1
sin2
(
2pi
j − 12
N
)
=
{√
2 for N = 2√
N
2 for N > 2
; (D9)
this is equal to gsin as defined in the main text in the
appropriate limits.
Appendix E: Tolerance of mechanism to
imperfections
Our model makes three key assumptions about the
physical make-up of the membrane ensemble, which we
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FIG. 8. Effect of increasing absorption for Re{ζ} = −12.9 and d = d− (left), d = d− + 20λ (right). Larger inter-element
separations make the system more tolerant to higher levels of absorption. The linewidth of the bare cavity is represented by
the horizontal dashed black lines. These figures should be compared to Fig. 4 of the main text. (Bare cavity finesse ≈ 3× 104,
other parameters as in the main text.)
will now discuss in brief. The membranes are assumed
to be ‘thin’; since silicon nitride membranes have thick-
nesses of ca. 50 nm [12], this is not expected to be a
limitation. The reason behind this limitation is tech-
nical rather than practical: we assume that the reflec-
tivity of each element in the array is independent of
frequency. For atoms, this means that the detuning of
the cavity field from resonance is much larger than the
atomic linewidth. In the case of membranes the require-
ment is similar, in that we need the polarisability to
be effectively constant with respect to frequency. Let
us model each membrane as a plate of (real) refractive
index n and thickness l (see Fig. 5). Going from left
to right, the two interfaces have amplitude reflectivities
r1 = r = (1 − n)/(1 + n) and r2 = −r, as well as trans-
missivities t1 = 2/(1 + n) and t2 = 2n/(1 + n), which
are obtained from the respective Fresnel coefficients at
normal incidence. The amplitude reflection and trans-
mission coefficients for light of wavenumber k incident
on the plate as a whole can then be written
r =
r
(
1− e−2inkl)
1− r2e−2inkl , and t =
t1t2e
−inkl
1− r2e−2inkl , (E1)
respectively. We then define the effective membrane po-
larizability ζ ≡ −ir/t [28], whereupon
ζ =
2r
t1t2
sin(nkl) =
1− n2
2n
sin(nkl) . (E2)
Let us calculate the relative change in ζ over an interval
of size κc:
∂ζ/∂k
ζ
∆k =
nkl
tan(nkl)
1
Qc
, (E3)
where Qc = ω0/κc is the quality factor of the cavity,
which is generally of the order of 107–109. As shown
below, our results are robust to well beyond perturba-
tions in ζ of order 1/Qc. For membranes that are thin
on the scale of a wavelength, this requirement is thus
satisfied trivially; for thicker membranes one must take
care to avoid the resonances at sin(nkl) = 0. Another
reason for requiring the membranes to be thin is that the
free-spectral range of each ‘membrane-etalon’ must be
significantly larger than that of the main cavity, which
requires l ≪ L/n. A final, and stronger, requirement
is that the entire membrane stack should fit within the
Rayleigh range of the cavity.
Positioning errors are also a concern. We performed
numerical simulations with several thousand arrays (N =
5, ζ = −0.5, L ≈ 6.3 × 104λ, d = d−) whose elements
were each shifted from the optimal position by a random
shift drawn from a Gaussian distribution with a stan-
dard deviation of 10 nm. The resulting coupling strengths
were within ±10% of the analytically-calculated value. A
representative sample of the analysis performed on 4000
arrays is shown in Fig. 6 and Fig. 7.
The membranes were also assumed to be identical and
non-absorbing; the latter is an excellent approximation
to a single membrane with an imaginary part of the re-
fractive index being . 10−6–10−5 [12, 13]. Fluctuations
in the polarizability of the individual elements by up to
±10% give coupling strengths within ±6% of the analytic
value. Our numerical investigations show that the major
effect of absorption is not on the optomechanical coupling
strength, but on the linewidth of the cavity. High lev-
els of absorption would therefore not alter the coupling
strength significantly, but would limit the achievable cav-
ity finesse. A systematic study of the effect of absorption
on the cavity linewidth is shown in Fig. 8. The cavity
linewidth, both in the presence of absorption and in its
absence, is calculated numerically by scanning over, and
fitting a Lorentzian to, the cavity resonance. We are not
aware of a concise analytic formulation that would allow
us to estimate the linewidth more directly for our situa-
tion.
To stay within the frame of the 1D model considered
here, a small misalignment in the individual elements
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FIG. 9. Optimal number of elements, Nopt, as a function of
the single-element reflectivity; for low values of the reflectiv-
ity, gsin rises less steeply with N and is therefore close to its
optimum value even for much larger N . (ζ = −0.5, d = d−,
other parameters as in the main text.)
could also be simply modeled similarly to absorption (i.e.,
through a nonzero Im{ζ}), since both effects represent
a loss channel for the cavity field. Other detrimental
effects of absorption, such as heating, are mitigated by
the large coupling strengths obtained, which allow much
smaller photon numbers to be used (g2sin ∝ N3 increases
faster than the absorbed power as N increases). We note
also that at large input powers it might be possible to
exploit photothermal forces to further enhance the col-
lective optomechanical interaction [16, 32, 33].
Appendix F: Optimal number of elements
In the main text we optimized gsin over N to obtain
the maximal coupling strength goptsin . The value of N
for which gsin = g
opt
sin is shown as a function of the per-
element reflectivity in Fig. 9. The lower the per-element
reflectivity, the weaker the dependence of gsin is on N ;
indeed, in such cases Nopt is very large, but gsin is close
to its optimal value for much smaller values of N . These
large values of Nopt can be looked at, from a different
point of view, as witnesses of the fact that the mechanism
we describe does not saturate quickly with increasing N .
Appendix G: Absorption at d±
For a nonzero per-element absorption, the largest
amount of absorption appears close to the points where
the ensemble is transparent. This is shown in Fig. 10,
where we plot the reflectivity, transmission, and absorp-
tion of an ensemble of 5 elements as the spacing between
the elements is scanned. This figure is meant to comple-
ment Fig. 1(c) in the main text. A general feature is that
the absorption is largest at d+ and rather smaller at d−;
we therefore choose the latter as our working point in the
text.
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FIG. 10. Reflectivity (red), transmission (green), and absorp-
tion (orange) for N = 5 elements with an individual reflec-
tivity of ca. 50% and a very large absorption. The dashed
blue curve is identical to the blue curve in Fig. 1(c) of the
main text. Note that the absorption is highest close to d+
and lowest close to d−.
Appendix H: Independence of mechanical decay rate
on N
Let us describe the motion of the jth mechanical ele-
ment (1 ≤ j ≤ N) through the annihilation operator bˆj ,
which obeys the Heisenberg–Langevin equation of motion
d
dt bˆj = −(iωm + Γ)bˆj + Fˆj +
√
2Γξˆj , (H1)
where ξˆj is the relevent Langevin noise term. For sim-
plicity, assume that all the oscillators have identical os-
cillation frequency ωm, decay rate Γ, and temperature
T , such that in thermal equilibrium they all have the
same average occupation. Fˆj is a force term, perhaps
due to the action of the cavity, whose form is not rel-
evant here. To describe the collective motion, we use
the vector (gj), normalized such that
∑N
j=1 g
2
j = 1, and
define: bˆ =
∑N
j=1 gj bˆj and ξˆ =
∑N
j=1 gj ξˆj . Thus:
d
dt bˆ = −(iωm + Γ)bˆ+
N∑
j=1
gjFˆj +
√
2Γξˆ . (H2)
Under the assumption that the noise terms ξˆj are of a
similar nature to one another and are independent (i.e.,
any cross-correlator between ξˆi and ξˆj is zero for i 6= j),
then ξˆ obeys the same correlation functions as each indi-
vidual noise term, because of the normalisation of (gj),
whereupon bˆ behaves as a single collective oscillator with
decay rate Γ.
Finally, let us remark that our description in terms of
this collective mode is one where we merely rotate to a
different basis for this N -dimensional space, and there-
fore the correct normalisation, necessary for the rotation
to be a unitary operation, is
∑N
j=1 g
2
j = 1.
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FIG. 11. Transmission plots that show the variation of the cavity resonance frequency as each element in the ensemble is
displaced. For this set of data we have N = 5, ζ = −0.5, L ≈ 0.25 cm, x0 = 2.7 fm. In the top row we have j = 1, j = 2, and
j = 3 (from left to right), and in the second row j = 4 and j = 5. For the center element (j = 3), the slope of the curve around
the rest position is zero (i.e., g3 = 0).
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FIG. 12. Similar to Fig. 11, but with ζ = −12.9. The scale on the vertical axis matches that in Fig. 11.
Appendix I: Approximation of linear coupling to the
motion
Most of the results presented in the main text, es-
pecially those for arrays of identical lossless elements,
were obtained analytically. These results were then con-
firmed by numerical methods, as detailed elsewhere in
this manuscript, and extended to cases of lossy elements,
non-uniform arrays, etc. In each case, the coupling con-
stants gj were calculated by displacing the j
th element by
an amount δxj , thus shifting the resonance frequency of
the cavity from ω to ω+ δω. Assuming a linear variation
of ω with the positions of the elements, this gave us a nu-
merical estimate for gj = (δω/δxj)x0; the multiplication
by x0 serves to express gj as a frequency. The approxi-
mation of linear variation of ω with xj may break down
in some situations [12, 13], but its validity in any one sit-
uation is fairly easy to check. Consider, for example, the
data shown in Fig. 11. This is a set of plots showing the
intensity of the light transmitted through the cavity as a
function of the displacement of each element for a system
with N = 5. One notices that, even for displacements of
the order of 105 times the size of the zero-point fluctu-
ations, the resonance frequency varies linearly with the
position of all the membranes but the center one; indeed
for j = 3 and N = 5 we obtain gj = 0.
This effect can be seen more clearly if we use very highly-
reflective membranes; cf. Fig. 12. We note that for j = 3,
11
the frequency depends quadratically on the coordinate
xj . Moreover, for ζ = −12.9 and at a displacement of
∼ 105 x0, the frequency shift for j = 3 is about an or-
der of magnitude smaller than that for j = 1. To es-
timate the effect of this quadratic dependence, let us
define the quadratic optomechanical coupling strength
G3 = (δω/δx
2
3)x
2
0, which has the units of frequency. We
have already noted that
g1
(
105
) ∼ 10G3(105)2 , i.e., G3 ∼ 10−6g1 . (I1)
In the situation considered in the main text, the linear
coupling thus dominates largely over the quadratic cou-
pling.
Indeed, for the temperature and frequency given there
(T = 1 K, ωm = 2pi × 211 kHz), the average occupation
number is about 105, which translates to a root-mean-
squared displacement of ca. 300x0, and therefore a ratio
for the quadratic to the linear frequency shift of about
3× 10−4.
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